A static model of cerebral blood circulation is constructed for developing an automatic control system of physiological brain state, which will be used in brain resuscitation. In this paper, the constructed model was partially verified in the simulation using the actual data of a 70 years old patient with stenosis at left internal carotid artery.
Introduction
Currently, brain resuscitation becomes increasingly important due to revising various clinical guidelines pertinent to emergency care [1, 2] . In brain resuscitation, the control of brain temperature (BT), intracranial pressure (ICP), and cerebral blood flow (CBF) is required for stabilizing physiological state of brain, and is described as the essential treatment points in many guidelines of disorder and/or disease such as brain injury, stroke, and encephalopathy. Recent advanced therapy such as pharmacological therapy using Edaravone, a kind of free radical scavenger, and neural regenerative therapy using stem cells, also requires stabilized physiological state of brain for a more potent effect of treatment. However, such control is not actually easy because it is always a routine task which requires professional knowledge and expertise, a lot of staff burden, and many medical cost. Thus, development of an automatic control system of BT, ICP and CBF is necessary for advancing and streamlining brain resuscitation.
An automatic control system for BT has been developed for advanced brain resuscitation, and its performance has been confirmed by its applications in therapeutic hypothermia [2, 3] . A control system of ICP has been theoretically developed based on computer simulations [4] . However, in clinical practice, ICP and CBF are still managed by manual operations, for which many specialists are required. Thus, this study is intended to develop an integrated control system for BT, ICP, and CBF in order to improve therapeutic effects and reduce medical costs and staff burden.
For that, a model used as the controlled object in simulation tests is necessary for verifying the controlled performance of the developed system, because basic performance tests targeting at a patient before clinical trials are not allowed ethically at all. A variety of models of cerebral circulation have been proposed for various purposes [5] [6] [7] [8] [9] [10] . However, none is suitable enough for the calculation of regional CBF and cerebral perfusion pressure (CPP) so that an integrative control system of BT, ICP, and CBF can be developed. Hence, in this study, a new static model was developed that used electrically analogous circuits to present the anatomical structure of cerebral blood vessels and the physiological characteristics of cerebral circulation, such as the formation of cerebral arterial circles, the branching of anterior, middle, and posterior cerebral arteries into gray matter (GM) and white matter (WM), blood viscosity, and the vascular conductance that is autoregulated by regional CPP and ICP [11] [12] .
In this paper, this model was verified by comparison between the calculated CBF by the constructed model using patient's anatomical data and the actually measured CBF by magnetic resonance imaging (MRI) and by single photon emission computed tomography (SPECT). Figure 1 represents the structure of the developed model. The line through the box represents cerebral blood vessels with conductance. A circle with a Greek character indicates points at which the CBF and blood pressure (BP) were analyzed. Table 1 lists the abbreviations that were used in this paper.
Construction of the model
In this model, the internal carotid artery (ICA) and vertebral artery (VA) join the circle of Willis, and the cerebral arteries diverge from the circle into both cerebral An arrow pointing to the letter F in Figure 1 represents the capillary leakage of cerebral tissue fluid (CTF), the production of cerebrospinal fluid (CSF) at the choroid plexus, and the CSF absorption at the arachnoid granulation. A circulation model of CSF is currently under construction in the development of a more integrated model of brain physiology. However, the leakage, production, and absorption incidents of CSF are much less than CBF. Thus, in this study, they were regarded as negligible.
The regional BP was calculated by nonlinear simultaneous equations with 35 unknowns. These equations were written by the application of Kirchhoff's current law for each point from β to λ. The each BP of point α and point ξ is known as mean arterial pressure (MAP) and central venous pressure (CVP), respectively. For example, the equation for blood flow (BF) at point β is shown by Eq. (1).
where GVAl, GVAr and GBA are the conductance of the bilateral VAs and basilar artery (BA). Pα, Pβ and Pγ are the BP at each point of α, β, and γ. All of the equations are shown in the appendix.
The regional CPP is obtained by subtracting the regional BP from its upstream regional BP. The regional CBF is calculated by Ohm's law. For example, the BF of the BA is shown by Eq.(2).
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The conductance at each artery is obtained by Poiseuille's law with patient's anatomical data as following by Eq. (3) and with the coefficient of blood viscosity determined by Eq. (4) [13] . The conductance of the vascular beds is automatically regulated depending on regional CPP and ICP. They are calculated by Eqs. (5), (6) and (7) [7] [8] [9] . 
where GX, π, r, d, l, µb, µp, Ht, and α in Eqs. (3) and (4) are each arterial conductance, circumference ratio, radius of each artery, diameter of each artery, length of each artery, blood viscosity, plasma viscosity, hematocrit value, and the index of the hydrodynamics of erythrocytes, respectively. RXCB represents the resistances of ACB, MCB or PCB. RXCBmax and RXCBmin are the physiological maximum and minimum of RXCB. RXCB is regulated by PCP, which is the regional CPP that is the difference between Pθ and ICP. PCPmax and PCPmin are the maximum and minimum of PCP's range in which RXCB can be regulated. α in Eq. (5) is the coefficient which regulates the sharpness of the changing curve of the resistance. GXBVgm and GXBVwm are the conductance of the proximal ABV, MBV, or PBV, and GXBVd is the conductance of the distal ABV, MBV or PBV. GaveXBVd represents the average value of GXBVd.
ICP should be determined based on the enough consideration of the mechanism of ICP change. Therefore, in our study, a dynamic circulation model of CSF and CTF is being constructed, by which ICP can be dynamically calculated as the ventricle pressure and the tissue pressure in GM and WM. However, because of the insufficient verification of such model, ICP is tentatively calculated by the following Eq. (8) in this paper.
where PIC and Pκ are the ICP value and the minimum value among BP at the bilateral point κ.
The rate of CSF production, the rate of CSF absorption and the flow of CTF leakage from capillaries should also be assigned as dynamic variables based on the enough consideration of their mechanism, which can be analyzed by our constructing model. However, because these rate and flow are much less than the BF of cerebral capillaries, the rate of the capillary leakage flow of CTF, the rate of production of CSF and the rate of absorption of CSF can be regarded all as 0 ml/min, in this model.
In addition, the conductance of the jugular vein is assumed a constant in accordance with a previous study [7] .
Thus, after setting the above-described parameters, the present model can be analyzed by setting MAP and CVP as the input of the model, and setting BP at points from β to λ as the initial value.
Simulation of CBF by the model
In this paper, for verifying the accuracy of the constructed model, the BF in each artery and segment in the cerebral blood circulation (CBC) was simulated by this model, using the anatomical data of an actual patient. The patient was 70 years old male with 73% stenosis at left ICA, and had the treatment of the carotid artery stenting (CAS) for that ICA. The obtained results were compared with the data actually measured by MRI and SPECT.
Analytical method of the model
At each point from β to λ, BP can be calculated based on Newton's method for nonlinear equations, which is one of numerical analytical approaches. This method can be used to solve nonlinear simultaneous equations, as shown by Eq. (9), which requires convergent calculation with the recurrence formula shown by Eq. (10).
where the vector pk is the solution of these equations and the each function from f1 to fn is the equation at point from β to λ, for example, as showed by Eq. (1). The vector O in Eq. (9) and uk in Eq. (10) represent a null vector and the corrected value of pk,. This can be calculated by the following equation.
where J(pk) is the Yacobian matrix of pk.
Setting parameters, input values and initial values
The radius and length of each regional artery in CBC shown by Table 2 were set as the parameters in the model. Each radius in Table 2 is the average value calculated using the actually measured data of the patient [10] . And, each arterial conductance calculated by Eq. (3) is shown by Table 2 . The other parameters set in the model are listed in Table 3 . His systolic and diastolic BP were 107/70 mmHg. Therefore, MAP inputted into the model was calculated as 82.3 mmHg, using the following formula. 
where Psys and Pdia represent systolic and diastolic BP. CVP was defined as 5.0 mmHg, which is the average in normal adult males.
The initial values of each BP at points from β to λ
were set in the model as shown by Table 4 . These values were determined based on the analysis of this model under the condition that the anatomical shape and the physiological function were symmetric in a normal brain.
Results of the simulation
In Figure 2 , the BF of ICA, VA and BA calculated in this simulation is shown together with the patient's data measured by MRI, in addition to the BF calculated in a simulation using a previous model [10] . This model for comparison is a dynamic model of BF in the artery network from ICA and VA to the cerebral arteries of ACA, MCA and PCA.
The relative errors of both models were calculated by the following Eq. (13), using these simulation results and measured data. The variable Fsim and FMRI in the formula represent the BF calculated in simulation and the BF measured by MRI. The errors are shown in Table 5 . Table 3 . Parameters used in the simulation, except arterial conductance [7] [8] [9] .
Parameter
Value Unit In the BF of ICA and right VA, these comparison indicates that the simulation by our present model is relatively better than that by the previous model. However, it also indicates that our model cannot simulate sufficiently well in the BF of left VA.
This insufficient result of the flow in left VA can be caused by its less conductance as shown in Table 2 . The left VA's radius used in the calculation by Eq. (3) [10] . Therefore the left VA's radius was significantly smaller in whole whereas it was not different in length between bilateral VA. This is the reason for the smaller of conductance of left VA and for less BF of it. The Reynold's number of ICA, VA and BA were calculated from arterial radius, blood viscosity, blood density (approximately 1.0g/ml) and blood velocity. Each blood velocity was calculated by Eq. (14), using the BF measured by MRI. Such calculated blood velocity and Reynold's number are shown in Table 6 . From these Reynold's numbers, the all flow of ICA, VA and BA can be determined as laminar flow, and application of the Poiseuille's law can be also appropriate for the calculation of conductance of ICA, VA and BA. In BA, the BF in our simulation was more than the flow measured by MRI, and its relative error was 25.9%. In our model, the BF in BA is equal to the sum of the flow of bilateral VA, because the branches of VA and BA were not considered for simplifying cerebral arterial network. This simplification may be the reason for such large error.
The segmental BF in the Circle of Willis in the simulation are shown in Figure 3 . In this figure, not only value but also direction of the flow is indicated by the symbol of each point used in Figure 1 .
In PCoA of both sides, much less BF from point ε to point δ than that in other segments. This result indicates that the BF from each VA flow out all into each PCA, and that ICA of both sides supply little BF to each PCA. This Table 2 .
The change of BP in the Circle of Willis are shown in Figure 4 . The each BP at in the Circle of Willis is in the range between 58.9mmHg and 68.7mmHg, and do not contradict to the BF data shown in Figure 3 . The calculated BF in cerebral arteries using the constructed model are shown together with the BF measured by SPECT in Figure 5 . Especially, the calculated BF are more than double for the measured BF in bilateral PCA. However, the adequacy of this calculated BF is confirmed by calculating the branching flow into each cerebral artery at each point in the Circle of Willis. And, as shown in Table 7 , in our simulation, the outflow from the Circle of Willis, the sum of BF in bilateral ACA, MCA and PCA, is almost same as the inflow to the Circle of Willis, the sum of BF in bilateral ICA and VA. On the other hand, the inflow measured by MRI and the outflow measured by SPECT was approximately 1.6 times No data different, although the BF of the same patient were measured by MRI and SPECT. This can be caused by the lower resolution of SPECT than MRI, therefore the BF by the previous model may not be accurate because the value approximates to the value measured by SPECT. The change of BP from ICA to JV via ACA, from ICA to JV via MCA and From VA to JV via PCV are shown in Figure 6 , Figure 7 and Figure 8 . In any pathway, BP drops through arterial capillary beds represented with ACB, MCB and PCB in Figure 1 more than at other segments. The bilateral difference of BP change is most markedly observed in the pathway through MCA. This difference may be caused by the bilateral difference of BF in ICA, of which the left side was stenosed.
Discussion
In this paper, for verifying the accuracy of the constructed model, the BF in each artery and segment in CBC was simulated, using the anatomical data of a patient. The result of this simulation was almost suitable for the actual data measured by MRI and did not contradict the physiological knowledge, in addition to the nonoccurrence of the self-contradiction in the model. However, because this simulation was done under the condition that the referred patient was alone, more simulations under the various conditions are required for more reliable verification. At least, our present model can represent the arterial part of CBC of this patient.
In this paper, arterial BF was compered between the calculation in the simulation and the measurement by MRI and SPECT. Therefore, the verification of the model is essentially insufficient because our model can represent the whole part of CBC from ICA and VA to JV. Especially, this model can constructionally represent the autoregulation of BF at arterial capillary beds and the distal venous capillary beds by CPP and ICP. The verification of such autoregulation is also required for improving the accuracy of the model.
The constructed model is a static model whereas the previous model compared in this paper is a dynamic model which is based on Navier-Stokes equations. However, our model can more simulate the arterial CBF of the patient. This indicates the possibility that a static model represents CBC sufficiently, and that a dynamic model is not required. The purpose of constructing a model of CBC is to make available for design an automatic control system of brain state, using it as a controlled object in a control simulation. Thus, because a simpler model is easy-to-use for the control simulation, the construction of our model is also significant due to such reason.
Conclusion
In this paper, the constructed model was partially verified, and at least, our present model can represent the arterial part of CBC. Currently, a dynamic model of the circulation of CSF and CTF is being constructed for connecting it to the present model of CBC, because the automatic control of brain state involves not only CBC but also the dynamic change of ICP caused by the circulation of CBF and CTF. Such construction of a reliable model enables us to develop an automatic control system of physiological brain state for more advanced brain resuscitation.
The following equations from Eq.(A1) to Eq.(A35) are used to calculate the regional BP at each point from β to λ. 
